Given a Lie groupoid Ω, we construct a groupoid J 1 Ω equipped with a universal connection from which all the connections of Ω are obtained by certain pullbacks. We show that this general construction leads to universal connections on principal bundles (considered by García (1972)) and universal linear connections on vector bundles (ultimately related with those of Cordero et al. (1989) ).
1.
Introduction. Many problems in differential geometry of fiber bundles and applications lead to the consideration of a whole family of connections instead of an individual one. This is, for example, the case of the Chern-Weil homomorphism, the universal holonomy theory, parametric models in statistical theory, variational problems in classical field theory, and so forth. In such cases, things are simplified by constructing universal connections from which we deduce all the connections considered (for relevant comments and examples, we refer to [3, 4] ).
Universal connections have been studied in, for example, [4, 8, 12, 13] , to name but a few of the earlier attempts to the subject. Narasimhan and Ramanan [12] , based on the Stiefel bundles and unitary groups, proved the existence of universal bundles for principal bundles with a compact Lie group as a structure group. This result was extended to the case of arbitrary connected Lie groups in [13] . However, [8] has a rather algebraic nature showing that the geometric construction of [12] corresponds to the identity map of the Weil algebra of the Lie algebra of a connected compact Lie group. On the other hand, a universal connection in the sense of [4] is defined by an appropriate 1-form on the 1-jet bundle of sections of a given principal bundle.
Motivated by this approach, we study the existence of universal connections on Lie groupoids. The geometry of Lie groupoids and algebroids is a topic of current research which, beyond its significance per se, has found numerous applications in many areas (see, e.g., [2, 9, 10, 18] ). In this framework, universal connections might be an interesting complement of the theory of groupoid connections.
More explicitly, in Theorem 4.5, we prove that, roughly speaking, a given Lie groupoid Ω determines a Lie groupoid J 1 Ω equipped with a universal connection from which all the connections of Ω are derived (by appropriate pullbacks).
Here, J 1 Ω is the pullback of Ω via π 1 : Q 1 Ω → B, where B is the base of the groupoid and Q 1 Ω is the corresponding connection bundle, whose sections are in bijective correspondence with the connections of Ω.
Before giving the proof of the main result, we study in detail the bundle Q 1 Ω, the differentiable structure of J 1 Ω, as well as the Lie algebroid L(J 1 Ω). We also give an explicit description of certain mappings involved in the construction of the universal connection.
The paper is completed with two applications. The first one explains how García's universal connections on principal bundles fit in this scheme. Namely, in Theorem 5.2, we show that our universal connection induces the one defined in the sense of [4] , by passing to the vertex bundle of the Lie groupoid. The second application deals with universal connections for the frame groupoids of vector bundles. In fact, we prove that such connections lead to the existence of universal linear connections for the corresponding vector bundles (Theorem 5.9). As we remark in Scholium 5.10, the previous result can be related with the universal linear connection considered also in [3] .
Preliminaries.
Throughout this paper, all the manifolds and bundles are supposed to be smooth and finite dimensional. For the standard theory of connections on fiber bundles, we refer to [6, 7] . For groupoids and algebroids, we mainly follow the notation and terminology of [9] ; however, for the reader's convenience, in this section, we briefly review some facts needed in the sequel.
A groupoid Ω is a small category all the morphisms of which are invertible. Hence, Ω is equipped with two projections α : Ω → B and β : Ω → B (called source and target, respectively), an inversion τ : Ω → Ω : ξ ξ −1 , and a multiplication
where Ω * Ω is the set of the composable morphisms. Here, B is the set of the objects (base of the groupoid). To every element x ∈ B, we assign a corresponding unity (or identity)x, the set of unities being naturally identified with B via the object inclusion map ε : B → Ω : x x. Consequently, B may be viewed as a subset of the total space Ω.
Some subsets of the groupoid are of special importance for the study of the latter. Namely, we set
,
for every U,V ⊆ B and x, y ∈ B . As a matter of terminology, Ω x is the α-fiber of Ω at x, Ω y is the β-fiber of Ω at y, and Ω x x is the isotropy group of Ω at x. By definition, Ω is a transitive groupoid if the anchor map
is surjective. Moreover, we speak of a differentiable groupoid if Ω and B are differentiable manifolds, the mappings γ, ε are differentiable and the projections α, β are differentiable submersions. Under these assumptions, the differentiability of the inversion map τ can also be deduced. The α-and β-fibers of a differentiable groupoid are regular submanifolds of the total space. We need the following typical examples of differentiable groupoids: (a) the trivial groupoid B ×G ×B (B differentiable manifold and G Lie group) with multiplication given by
(b) the frame groupoid Π(E) of a vector bundle E defined as follows: if E z denotes the fiber of E over z ∈ B, then
and the multiplication is the usual composition of maps. Here, Lis(E x , E y ) denotes the set of linear isomorphisms of E x onto E y ; (c) the inner subgroupoid GΩ of a given differentiable groupoid Ω, defined by
and Ω is a differential groupoid. A Lie groupoid is a transitive differentiable groupoid. In this case, (β, α) is also a submersion (see [9, pages 86-89] ) and the isotropy groups are mutually isomorphic Lie groups. We note that every trivial groupoid is Lie, while Π(E) (see example (b) above) is a Lie groupoid if the base space B is connected.
Defining morphisms of groupoids in the obvious way (see, e.g., [9 
For later reference, we note that there is a bijective correspondence between Lie groupoids and principal fiber bundles: given a Lie groupoid Ω, the quadru- 
The manifold B is the base of the algebroid and q is its anchor (flèche).
The Lie algebroid of a differentiable groupoid Ω is defined to be
its projection π Ω sending every fiber TxΩ x to the corresponding x ∈ B, whereas the anchor is q := T β|LΩ. The bracket of LΩ is induced by an appropriate bracket on the module of α-vertical right invariant vector fields of Ω (see, e.g.,
In fact, L is a functor with Lφ : LΩ → LΩ given by
for any morphism of differentiable groupoids φ : Ω → Ω . For a Lie groupoid, the sequence of vector bundles
is exact, a fact leading to the following basic definition.
Definition 3.2.
A connection on a Lie groupoid Ω is a right section of q, that is, a vector bundle morphism γ :
In a well-established terminology, γ is a splitting of (3.4) . If the base B is paracompact, as usual, connections do exist.
For our purposes, we need another approach to the notion of a connection, involving the sections of an appropriate fiber bundle. Namely, following [11, Section III.1], we set
for every x ∈ B, and
where j 1 x s is the 1-jet of s at x. We also define the mapping
is a fiber bundle.
Proof.
We are based on an explicit use of the local charts of Ω (compare with the proof of [11, Proposition III.1a]).
As in condition (T.2) of Section 2, we may construct smooth local sections σ U : U → Ω, so that Ꮿ is also an atlas of the manifold B. For every U ∈ Ꮿ, let
where B is the model space of B),
be the induced trivializations of T B and Ω, respectively. We also consider the map
if v ∈ T g G and ρ g denotes the right translation of G by g. Taking a fixed linear isomorphism : T e G → G, where G is the model space of G and e ≡b, we can define the smooth map
We obtain a chart of Q 1 Ω since F U has a smooth inverse. In fact, the latter is given by (x, f ) j 1 x s, the jet j 1 x s being determined by the conditions
The compatibility of the previous charts is established by a direct verification; hence, Q 1 Ω becomes a differentiable manifold. It is easily checked that the assignments γ S γ and S γ S are mutually inverse.
Universal connections.
We come now to the main part of this paper, treating the construction of universal connections for Lie groupoids. This means, roughly speaking, that we look for a connection (on an appropriate groupoid) from which we can derive all the connections of a given groupoid.
Let Ω be a Lie groupoid. Using the connection bundle (Q 1 Ω,π 1 ,B) (see Proposition 3.3 and Definition 3.4), we give the following definition.
We recall that the total space
and the operations of J 1 Ω are defined similarly to those of a trivial groupoid (see example (a) of Section 2 and [9, Definition I.2.11]). The projections, the inversion, the identity map, and the multiplication of J 1 Ω are denoted by a 1 , β 1 , τ 1 , ε 1 , and γ 1 , respectively. We note that J 1 Ω here is not the first prolongation groupoid, often denoted also by the same symbol. Proof. The groupoid J 1 Ω is differentiable, as a regular submanifold of the trivial groupoid Q 1 Ω × Ω × Q 1 Ω. Indeed, using the notations included in the proof of Proposition 3.3, the differential structure is determined by the charts of the form
given by
with U running the domains of the local sections of Ω. The inverse of Ψ U is
On the other hand, the local expressions of α 1 , β 1 , and (β 1 ,α 1 ), relative to the previous chart are given, respectively, by the projections pr 3 , pr 1 , and (pr 1 , pr 3 ) of the following 3-factor product:
thus, the former maps are (surjective) submersions. Finally, γ 1 and ε 1 are smooth since their local expressions are, respectively,
Note 4.3. In the previous proof, we have used an explicit form of local charts which will be also needed later.
We will show that the desired universal connection is one defined on J 1 Ω. Before its explicit description, we need a few preliminary facts. First, as an immediate consequence of the relative definitions, we obtain that (see also [5 
Here, (u, v) ≡ (u, v, 0), the vector 0 ∈ T (Q 1 Ω) being omitted for the sake of convenience. Hence,
Moreover, L(J 1 Ω) is a Lie algebroid over Q 1 Ω with anchor (the restriction of) the projection to the first factor P 1 :
On the other hand, the restriction of the second projection P 2 :
We consider now the evaluation map Proof. The charts F U and Φ U of the bundles Q 1 Ω and T B, respectively, induce the corresponding chart (π 
where ev : L(B, G)×B → G is now the ordinary evaluation map. This proves the desired differentiability.
Based on Proposition 3.5 and denoting by π Q : T (Q 1 Ω) → Q 1 Ω the standard projection of the tangent bundle of Q 1 Ω, we are in a position to prove the main result of the paper; namely, the following theorem.
Theorem 4.5 (existence of universal groupoid connections).
Let Ω be a Lie groupoid. Then, the mapping
is a connection on J 1 Ω with the following universal property: if Γ := P 2 • Γ , then the equality
holds for every connection S on Ω. Moreover, Γ is the unique connection satisfying this property.
Proof. First, we see that Γ is well defined, since (π Q (u), T π 1 (u)) ∈ Q 1 Ω× B T B; thus, we can apply Ev on such pairs. Also, Γ takes values in L(
, by virtue of (4.8).
The mapping Γ is differentiable (by Lemma 4.4), as well as a v.b-morphism. Moreover (see also (4.8)), the projection P 1 : L(J 1 Ω) → T (Q 1 Ω) satisfies the equality P 1 • Γ = id. Since P 1 coincides now with the anchor of L(J 1 Ω), Γ is a connection of J 1 Ω (see Definition 3.2).
On the other hand, since T y S(v) ∈ T S(y) Q 1 Ω, for every v ∈ T y B and y ∈ B, Proposition 3.5 implies that
for every v ∈ T B; thus, proving the universal property. Finally, let Γ be another connection of J 1 Ω satisfying the analog of (4.13) and Γ = P 2 • Γ . Then, for any w ∈ T (Q 1 Ω), there is a local section S of Q 1 Ω and a vector v ∈ T B such that T S(v) = w. Therefore,
which proves the uniqueness property. 
Applications

Universal connections on principal bundles.
Our present aim is to relate universal connections on groupoids with their counterparts defined by García (see [4] ) on principal bundles. In fact, we show that Γ produces the structural infinitesimal connection (form) of the vertex bundle.
First, we note that every connection γ on the Lie groupoid Ω is equivalent to a v.b. 
(see also [9, Proposition III.3.3] ).
is a connection form on the vertex bundle Ω b .
Proof. By definition,
Since and Ad are differentiable, ω γ is a differentiable 1-form.
Now, for any X ∈ (T (Ω b b )), we see that c([Ad(ξ)](Xb)) = [Ad(ξ)](Xb).
Consequently, if X
* is the Killing vector field corresponding to X,
On the other hand, for every
Equalities (5.5) and (5.6) prove that ω γ is indeed a connection form.
In order to apply the preceding lemma to the case of the universal connection Γ ≡ Γ , we need the analytic expression of its splitting C :
and y ∈ B, we see that
with T π 1 (v 1 ) = T β(v 2 ). Hence, using the analog of (5.1) and the definition of Γ ,
where 0 Y denotes the zero element of T Y (Q 1 Ω). As a consequence, we obtain the following theorem. Proof. We fix a Z ∈ Q 1 Ω| b and the vertex bundle ((
Then, by virtue of Lemma 5.1, ω Γ may be regarded as a connection on 
Also, we consider the 1-jet principal bundle (
, as well as the isomorphism (I 1 ,I 2 ,I 3 ) between the bundles (J 1 Ω) Z and J 1 (Ω b ), determined by
with (sξ)(y) := s(y) · ξ, for every y ∈ dom(s), 12) where
Hence, comparing (5.9) and (5.12) with the definition of the universal connection θ for ordinary principal bundles (see [4] along with [17] ), we conclude that
which completes the proof.
Scholium 5.3. Since every principal fiber bundle is the vertex bundle of its gauge groupoid, the previous theorem shows that universal connections on principal bundles (in the sense of [4] ) can be derived from the general construction given in Theorem 4.5.
Universal linear connections.
In this section, we prove that the universal connection of the frame groupoid Π(E) of a vector bundle E ≡ (E,π,B) with connected base B (see example (b) in Section 2) induces a universal linear connection on E.
First, we need the following general lemma.
Lemma 5.4. Let f : V → B be a differentiable map and f * E be the pullback vector bundle of E by f . Then, Applying the previous result to the case of π 1 , Definition 4.1 implies also the following corollary.
Corollary 5.5. The following identification holds true:
It is already known (see, e.g., [11, Section III.2] ) that there is a bijective correspondence between the linear connections of the vector bundle E and the connections of Π(E). This leads to the following basic proposition. Proof. By its construction, Γ is defined on the 1-jet groupoid J 1 (Π(E)). Thus, by virtue of Corollary 5.5, we obtain a connection on Π(π * 1 E) and, in turn, a linear connection C Γ on π *
E.
In order to complete the previous statement, by showing that C Γ has indeed a universal property, we find its analytic expression. This is a consequence of the next result, relating linear connections with connections on frame groupoids by means of a simple formula. To this end, observe that, since Π(E) projects to B via the source map α Π(E) , we may consider the corresponding fiber product Π(E) × B E (with respect to α Π(E) ), the evaluation map 
(where c e is constant) by which we conclude the proof.
To obtain the analog of the previous result for the connections Γ and C Γ , we consider the entities π * 1 E, Q 1 (Π(E)) ≡ Q 1 , Γ ≡ Γ , and pr 1 : π * 1 E → Q 1 in place of E, B, γ, and π , respectively. Also, analogously to ev, we define the map
x s, and w ∈ T X Q 1 .
Proof.
We outline the main steps of the procedure, omitting the computational details whose verification is a matter of routine.
First, we observe that every h ∈ Π(π * Using the projections p 1 : 
S(e, v) = (S • π )(e), e ,T S(v) . (5.29)
Also, we denote by
the natural projection to the second factor. With the previous notations, we are in a position to state the universal property (4.13) for linear connections. Namely, we have the following theorem. Therefore, we check that are beyond the framework of this paper, dealing principally with groupoids), we can show (see [14] ) that the universal connections of Section 5.2 are related with the universal connections on frame bundles considered in [3] .
S(x), e ,T S(v) = P 2 T S(v), T id ev e T x s T S(x) π 1 T x S(v) = P 2 T S(v), T id ev e T x s(v)
=
